Abstract. We prove that every divisor d > 1 of a Mersenne number 2 p − 1, where p is a prime, is a solution of the equation ord x 2 = p, and introduce a special subclass of super-Poulet pseudoprimes containing all composite Mersenne numbers.
Introduction
Sometimes the numbers M n = 2 n − 1, n = 1, 2, . . ., are called Mersenne numbers, although this name is usually reserved for numbers of the form
where p is prime. In our paper we use the latter name. In this form numbers M p at the first time were studied by Marin Mersenne (1588-1648) at least in 1644 (see in [1, p.9 ] and a large bibliography there). In the present time the following result is known.
Theorem 1. (Comment of Max
Alexeev to sequence A122094 in [5] ). A prime q divides M p if and only if ord q 2 = p,where ord n 2 means the order of 2 (modn).
In our paper we show that all composite Mersenne numbers belong to a class S of pseudoprimes of base 2 which is a subclass of super-Poulet pseudoprimes [6] . Analysis of properties of pseudoprimes from S leads us to the following result.
Theorem 2. Let p be a prime and d|M p , d > 1. Then ord d 2 = p .
A class of pseudoprimes
For an odd n > 1, consider the number r = r(n) of distinct cyclotomic cosets of 2 modulo n [2, pp.104-105]. E.g., r(15) = 4 since for n = 15 we have the following 4 cyclotomic cosets of 2: {1, 2, 4, 8}, {3, 6, 12, 9}, {5, 10}, {7, 14, 13, 11}.
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Let h = h(n) be the least common multiple of |C 1 |, . . . , |C r |:
Note that h is order 2 modulo n. (This follows easily, e.g., from Exercise 3, p. 104 in [3] ).
It is easy to see that for odd prime p we have
Definition 1. We call odd composite number n overpseudoprime (n ∈ S) if
Note that
Thus, S is a subclass of Poulet class of pseudoprimes of base 2 (see [6] ).
Theorem 3. Let n be odd composite number with the prime factorization
Then n is overpseudoprime if and only if for all nonzero vectors
Proof. It is well known that
where ϕ(n) is Euber function. Thus, by (7) (9)
Consider a fixed nonzero vector (i 1 , . . . , i k ) and numbers of the form
Note that since (a, m) = 1 then all numbers (10) have the same value of h(m). Since the number of numbers (10) equals to
From the definition of ord 2 ( mod n) it follows that
Thus, by (13) and (9), we have
and, moreover, the equality attains if and only if for all nonzero vectors (i 1 , . . . , i k ) ≤ (l 1 , . . . , l k ), (8) is valid. In only this case r(n)h(n) + 1 = n and n is overpseudoprime.
Definition 2. For odd number n, the value ord n 2 we call index of n of base 2 denoting it by ind(n).
Corollary 1.
By the definition (see [6] We have [5, A002326] h(13) = 12, h(61) = 60, h(397) = 44.
Thus n is not an overpseudoprime.
Note, that if for primes
Thus, k = sp 2 and
Therefore, h(p 1 p 2 ) ≤ h(p 1 ) and we are done. By the same way obtain that if h(p 1 ) = . . . = h(p k ) then n = p 1 . . . p k is overpseudoprime. And what is more, by the same way, using Theorem 3 we obtain the following result. Proof. Let prime p be Wieferich prime of order at least w. Let 2 h(p) = 1 + kp. Note that h(p) divides p − 1. Using the condition, we have
Thus, k ≡ 0 modp w and 2
and we conclude that
Hence, by Theorem 3, p w+1 is overpseudoprime. The converse statement is evident.
Theorem 6. If overpseudoprime n is not multiple of square of a Wieferich prime then n is squarefree. Now we obtain Theorem 2 from Theorems 3 and 8. Thus, an algorithm of search a large prime which as the final result could be not a Mersenne prime is the following: we seek a prime q not exceeding M p for which h(q) = p; if such prime is absent, then M p is prime; if we found a prime q, then we seek a prime q 1 ≤
Mp q
for which h(q 1 ) = p and if such prime is absent, then
Mp q is a (large) prime etc. Notice that, the problem of the infinity of Mersenne primes is equivalent to the problem of infinity primes p for which the equation ord x 2 = p has not solutions not exceeding 2 p 2 . At last,notice that, for only known Wieferich primes 1093 and 3511, ord2 equals to 546 and 1755 correspondingly (see sequence A002326 in [5] ). Thus, they divide none of Mersenne numbers. The important question is: do exist Wieferich primes p for which h(p) is prime? If the conjecture of R. K. Guy [1,p.9 ] about the existence of nonsquarefree Mersenne numbers is true, then we should say "yes". Remark 1. Till 26.04.08 when the author has submitted the sequence [5, A 137576] under the influence of his paper [4] , he did not touch with the theory of pseudoprimes. He even thought that the composite numbers n for which h(n)r(n) = n − 1, probably, do not exist. But after publication of sequence A137576 in [5] , Ray Chandler by direct calculations has found a few such numbers. After that the author created a small theory of the present paper and found more such numbers of A141232 in [5] ,using excellent table of sequence A002326 in [5] , which was composed by T.D.Noe.
